The possibility of hydrodynamic diffusion in a suspension stirred by the velocity field of a gravity wave is explored. It is argued that mechanical interactions among particles can induce disturbances in the fluid velocity-in the form of interstitial flows-analogous to those leading to diffusion in fixed beds. The case of a dilute fiber network is considered to allow analytical estimate of the diffusivity. A two-fluid description of the system is introduced, in which the solid matrix is treated as a deformable porous medium. The analysis is limited to the large Peclet number limit. Depending on the range of parameters, the effective diffusivity can greatly exceed the value which would be obtained by only keeping into account particle dislocation by close encounter interactions.
Introduction
Flows in suspensions are often associated with transport phenomena originating from interaction of the particles among themselves and with the flow. Such interactions produce velocity perturbations at the microscale, which at the macroscale may lead to diffusive behaviors. An example is shearinduced diffusion [1, 2, 3] : a tracer in a constant shear flow will feel the effect of the particles carried along by the fluid as a sequence of random displacements; if the shear is strong enough, the effective diffusivity of the medium will be significantly larger than its molecular counterpart [4, 5] .
The mechanism of shear-induced diffusion is well understood in the case of time-independent flows. More complicated the situation in the general case, in particular that of time-periodic flows.
The problem is of some relevance in ocean dynamics, as gravity waves are typically present at the water surface. If the suspension is concentrated, the effective viscosity of the medium can be much higher than that of water. An example of some relevance is that of grease ice, the dense slurry of ice crystals often observed at the water surface in polar seas, during periods of strong wind and freezing temperatures [6] . Due to the high viscosity of the medium, turbulence in the slurry is strongly hindered and transport may be expected to be dominated by molecular diffusion. Whether mechanical diffusion can contribute to transport in such a condition is clearly a question of some interest.
It turns out that shear-induced diffusion is reduced in time-periodic flows [7] . What leads to diffusion abatement is the fact that particles continuously trace back their trajectories as the flow evolves. A tracer in a periodic flow field experiences the velocity perturbation of the same particle twice: the first time when the particle arrives; the second time, with sign reversed, when the particle comes back. From reversibility of the viscous flow at the particle scale, the tracer displacement at the end of an oscillation is zero [8] .
Chaos can modify this state of affairs, with amplification of external perturbations in to the particle trajectories (Brownian motion, roughness of the particle shapes, etc.), which do not close their path when the flow is reversed. The problem has received recently a great deal of attention, because it reveals the complex interplay between the time reversible nature of viscous flows at the microscale and chaos arising from the complex microscopic geometry of the system (see e.g. [9] and references therein).
What appears to be crucial in order for chaos to be present is that the total strain accumulated in a flow oscillation be above a certain threshold. At the microscopic scale, this corresponds to a regime in which, in a cycle, the displacement of particles relative to their neighbors is not small compared to their separation. Unfortunately, in the case of a gravity wave, the accumulated strain in a wave period is small. Such strain can be expressed in terms of the frequency ω, the wave vector k and the typical fluid velocity in the wave field U , as ǫ = kU/ω, which, for linear waves, is typically 0.1. A tracer will oscillate forever around its rest position relative to neighboring particles and no diffusion will ensue. Some alternative transport mechanism must be sought.
The possibility which is going to be considered in this paper is the presence of non-hydrodynamic interactions among particles, leading to interstitial flows in the solid matrix analogous to what could be observed in porous media. Such flows are the response to the stresses produced by the deformations generated by the wave in the solid phase. Near contact hydrodynamic interactions mediated by lubrication forces could be expected to produce a similar effect. If the relative velocity of the two phases is large enough, a tracer will be able to travel a distance in a wave period much larger than the typical particle-particle separation, making chaos in the tracer trajectories, in principle, possible again. A discussion of the mechanisms leading to chaotic tracer trajectories in porous media can be found in [10] . Particle dislocations and other irreversible deformations in the solid bed are likely to enhance the effect and constitute by themselves a direct source of diffusion [11, 12] .
To determine the contribution to tracer diffusion from the relative motion of the phases, a simplified model of spatially homogeneous random fiber network is considered. A regime of low fiber volume fraction is examined to allow an analytical estimate of the diffusivity [13, 14] . For simplicity, the analysis is limited to a high Peclet number regime, in which molecular diffusion effects can be disregarded.
Determining the relative velocity between phases
The situation envisioned is one in which purely viscous stresses are generated in the network and transferred to the fluid by drag forces. The stress in the network is assumed to produce an effective viscosity in the suspension much larger than that of the pure fluid; the drag is assumed large enough to cause fast relaxation of the velocity of the fluid to that of the network, in such a way that the relative velocity of the phases is small compared to the characteristic velocity of the wave.
A macroscopic two-phase description is adopted, with ρ i , U i , P i , µ i indicating the mass density, the velocity, the pressure and the dynamic viscosity of the liquid (i = l) and solid (i = s) phase. Assuming linear waves, the momentum and continuity equations obeyed by the two phases read
where g ≃ 9.8 m/s 2 is the gravitational acceleration, C is the volume fraction of the fibers and Γ is the drag coefficient. Note the absence of a viscous term in Eq. (1) and of a pressure term in Eq. (2), as µ l ≪ µ s and the stress in the solid phase is supposed to be of purely viscous origin. Note also the presence in Eq. (2) of a bulk viscosity term, µ s B ∇∇ · U s , as the flow of the individual phases is not volume preserving in general. Equations (1) to (4) reduce in the zero frequency limit to the equations for the balance of mass and momentum in a deformable porous medium discussed in [15] .
The coordinate axes are chosen with x along the direction of propagation of the waves and z along the vertical with z = 0 at the water surface. The velocities can be expressed in terms of potentials,
where
In the case of monocromatic waves, Φ(r, t) = Φ(z)e i(kx−ωt) , with similar expressions holding for A, P l andC, whereC is the fluctuating part of C. It is convenient to separate in the various fields the potential components, identified below with subscript p:
with analogous expressions holding forΦ andÂ. The case of deep water waves is considered, so that only positive exponentials survive in the z dependence of the fields, and Re(α) > 0. The fields A andÂ are chosen to contribute only to the vortical part of U l,s and therefore do not have a potential component. For weakly damped waves (which is the case in most situations of interest [16] ), k ≃ k ω = ω 2 /g and the dominant contribution to U l ≃ U s is produced by φ p , so that the velocity scale of the waves is U = k ω |φ p |.
Substituting Eq. (6) into Eq. (5) and then into Eqs. (3) and (4) gives
whereC is the mean part of C. Taking ∇ ⊥ and ∇ of Eqs. (1) and (2), and using Eq. (7), gives equations for the non-potential components p l ,φ, a andâ:
Integrating the z-components of Eqs. (1) and (2) over z gives equations for the potential terms,
where η is the vertical displacement at the water surface, which obeys
(the interfaces with the atmosphere of the two components in the mixture are assumed to coincide; no sloshing phenomena are supposed to take place at the water surface).
It is convenient to normalize time, length and mass in terms of ω, k ω = ω 2 /g and ρ l , so that
The velocity scale of the waves becomes U = ǫ. Define dimensionless parameters
and impose the smallness condition
Smallness of ν guarantees that wave damping is small and therefore k ≃ 1, |φ p | ≃ ǫ [17, 18] . Smallness of Γ −1 andC 2 /(Γν) guarantees that the relative motion of the two phases is small on the scale of the waves (see below). The parameters ρ and c B are taken to be O(1).
Substituting into Eqs. (8) (9) (10) (11) , and working to lowest order inC, Γ −1 and ν,
[iν
From Eqs. (17) (18) (19) (20) an incompressible mode for the individual phases is identified:
It is easy to recognize in this mode the standard behavior of the vortical component of the velocity field of a wave propagating in a viscous medium of normalized viscosity ν.
Equations (17) (18) (19) (20) have an additional compressible mode. Its structure simplifies for Γν ≫C 2 :
As can be checked from Eq. (15), the depths of the viscous and of the compressible boundary layer are given by ν 1/2 |α i | −1 and ν 1/2 |α c | −1 , respectively. The extreme shallowness of the compressible boundary layer is a first indication that compressible effects play a minor role in the dynamics.
To derive a dispersion relation, it is necessary to impose boundary conditions at the interface with the atmosphere. One is the condition [U s z − U l z ] z=0 in Eq. (14) . In terms of potentials,
Two additional conditions are obtained imposing that the normal stress
) are zero at the water surface. In terms of potentials, always working with dimensionless variables,
To close the system, it is necessary to express non-potential components in terms of potential ones. From Eq. (14) one gets for the vertical displacement at the surface
which, by substituting into Eqs. (12) and (13), gives
Solving Eqs. (23), (27) and (28) to lowest order inC, Γ −1 and ν, giveŝ
which, substituting into Eqs. (24) and (25), leads to the result
From Eqs. (30) and (31) one obtains finally
which are the dispersion relation and the equation for the boundary layer structure of gravity waves in a homogeneous medium of kinematic viscosity µ s /ρ l [19] . The mixture inherits the viscosity of the fiber network.
The components of the potentials required to determine the relative motion of the two phases are obtained from Eqs. (29) and (22):
from which one gets
The relative motion between phases is predominantly along the horizontal. The incompressible mode dominates the dynamics both with regard to the corrections to wave propagation (through a i ) and to the interaction between solid and liquid phase (throughâ i ). Mechanical diffusion is localized in the viscous boundary layer. As expected, the compressible mode contributes only corrections.
Diffusivity estimate
In order to determine the diffusivity of the medium, it is necessary to consider the network microscopic structure, which is supposed to be composed of cylindrical arms of length L and radius
(Note that L is the distance between points of contact with other fibers along a given fiber, which is typically less than the actual fiber length.)
The drag on the liquid phase can be obtained in the dilute limit from that of an individual fiber, using slender body theory [20, 21] . In the case of random fiber orientation,
In order for some form of mechanical diffusion to be present, it is necessary that the displacement λ of a tracer relative to the network in a wave period greatly exceeds the correlation length of the velocity fluctuations in the medium. This correlation length can be identified with the Brinkman length [21, 22] ,
This is the length above which the velocity perturbation around a fiber is exponentially damped by the image field of the other fibers. Exploiting Eqs. (34) and (35) with φ p = O(ǫ) one obtains for the ratio R = λ/λ B , R ≈ 3| lnC| 5π
Mechanical diffusion could be estimated from Eqs. (34) and (35), provided the network is sufficiently diluted and spatially homogeneous on the scale of the Brinkman screening length. The conditions of low concentration and spatial homogeneity become
where λ α = ν 1/2 is the depth of the viscous boundary layer. It is possible to see that Eq. (38) is satisfied once the condition Γ ≫ 1 in Eq. (16) is satisfied. Equations (35) and (36) allow to reformulate the conditions Γ ≫ 1, R ≫ 1 andC 2 ≪ Γν in Eqs. (16) and (37), as, in the order,
where logarithms have been disregarded. This is the condition for the theory in [14] to be applicable; Eq. (31b) in that reference gives for the transverse diffusivity of a random fiber bed, in the large Peclet number limit,
(recall that in the present case U l − U s is along x). Exploiting Eqs. (34) and (36) leads to the final result, back to dimensional variables,
The parameter R gives the diffusivity enhancement with respect to a situation in which particle dislocation at scale L is the only mechanism for diffusion, and
It is to be stressed that Eq. (41) refers only to the top layer, 0 > z > −λ α , of the water column. Mechanical diffusion rapidly disappears at larger depths.
Concluding remarks
The present analysis demonstrates that interstitial flows induced by stresses in the solid phase, can contribute substantially to diffusion in suspensions stirred by gravity waves. Key parameter in the theory is the ratio R of the tracer excursion in a wave period and the Brinkman length of the medium. For the system considered-a dilute fiber network, R gives the diffusivity enhancement with respect to a situation in which particle dislocations play the dominant role in generating mechanical diffusion. The analysis predicts instead a slow logarithmic dependence of the diffusivity (through R) on the volume fractionC. It is likely however that this is peculiarity of the microscopic geometry considered, which is going to be lost in the general case. Similarly for the smallness of the prefactor in Eq. (41), 9π 3 6400 ≈ 0.04. The main message of the present study is that a new diffusion mechanism may be present in suspensions whose effective viscosity originates from mechanical stresses in the solid phase, rather than from long-range hydrodynamic interactions. The message is not confined to suspensions in gravity waves, but extends to generic periodic shear flows.
The dilute model studied in this paper, in order to be self-consistent, requires some severe finetuning of parameters, accounted for in Eq. (39). The two conditions of large excursion and fast relaxation, R, Γ ≫ 1, encompassed in the first two inequalities in Eq. (39), in particular, require µ ≪ ǫ 2 . In realistic situations this requirement is somewhat tight. In the case of waves in grease ice, µ ≈ 10 −4 [6] , ǫ 0.1, and the volume fractionC ∝ L −2 has at most two decades available to satisfy Eq. (39).
This may not be crucial for a conceptual model such as the one studied in this paper. The question remains whether the diffusion mechanism described survives in the large volume fraction regime, and the increased resistance of the solid matrix does not prevent the strong interphase motions required for the effect to be generated. Another question concerns the possible presence of a minimal irreversibility threshold in R, playing in the case of flows in fixed beds, the role played by the total strain in the case periodic shear flows [7] . Arguments in [10] suggest that tracer displacements of the order of few particle separations are enough to produce a positive contribution to the Lyapunov exponent of the tracer. This however may not be an issue because the solid matrix continuously deforms in response to the shear, which is in itself a source of irreversibility.
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